Black hole remnants due to GUP or quantum gravity? 
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Based on the micro-black hole gedanken experiment as well as on general considerations of quan- 
tum mechanics and gravity the generalized uncertainty principle (GUP) is analyzed by using the 
running Newton constant. The result is used to decide between the GUP and quantum gravitational 
effects as a possible mechanism leading to the black hole remnants of about Planck mass. 
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The cogent argument for the black hole to evaporate 
entirely is that there are no evident symmetry or quan- 
tum number preventing it. Nevertheless, the heuristic 
derivation of the Hawking temperature with the use of 
GUP prevents a black hole from complete evaporation, 
just like the prevention of hydrogen atom from collapse 
by the uncertainty principle P]. The generalized uncer- 
tainty relation takes into account the gravitational in- 
teraction of the photon and the particle being observed. 
This consideration relies on classical gravitational theory 
^ ^] . The quantum corrected Schwarzschild space-time 
obtained with the use of running Newton constant also 
indicates that the black hole evaporation stops when its 
mass approaches the critical value of the order of Planck 
mass Iq] . On the other hand the quantum corrected grav- 
ity modifies this GUP as well. It is fair to ask whether 
the halt of black hole radiation is provided by GUP or 
it is due to quantum gravitational effects. Let us give a 
critical view of this problem. 

Let us briefly discuss the modification of Heisenberg 
uncertainty principle due to gravitational interaction. 
The main conceptual point concerning GUP is that there 
is an additional uncertainty in quantum measurement 
due to gravitational interaction. We focus on consid- 
eration of this problem presented in 0, (?i = c = 1 is 
assumed in what follows). The approach proposed in this 
paper relying on classical gravity is to calculate the dis- 
placement of electron caused by the gravitational inter- 
action with the photon and add it to the position uncer- 
tainty. The photon due to gravitational interaction im- 
parts to electron the acceleration given by a = GoAE/r'^ 
(Go is experimentally observed value of Newton's con- 
stant for macroscopic values of distances) . Assuming tq 
is the size of the interaction region the variation of the 
velocity of the electron is given by Aw ~ GoAE/ro and 
correspondingly Aa;^ ~ GqAE. Therefore the total un- 
certainty in the position is given by 
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where a is the factor of order unity in respect with 
the stringy induced GUP |3- The Eq.lP) exhibits the 



minimal observable distance. However, the minimal ob- 
servable distance is determined rather due to collapse 
of AE than merely by the Eq.Q, because it puts sim- 
ply the bound on the measurement procedure. In this 
way one gets that for a > 2 the Axmin = \/2aGo while 
for a < 2 the minimal observable distance is given by 
Axmin — ■\/8Go/(4 — a). In the framework of this dis- 
cussion one can obtain the GUP in higher dimensional 
case as well as on the brane .5j. 

The heuristic derivation of black hole evaporation pro- 
ceeds as follows 1]. (In paper a = 1 is assumed). 
The black hole is modelled as an object with linear size 
equal to the two times the gravitational radius 2rg and 
the minimum uncertainty condition is assumed for the 
radiation. Then the lower value of AE 
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that comes from uncertainty relation is identified to the 
characteristic temperature of the black hole emission 
with the constant of proportionality l/27r. As one sees 
from Eq. ||2Jl the GUP amended Hawking temperature be- 
comes complex if the mass of the black hole is less than 

1/2 

1/2Gq , leading thereby to the nonzero minimal black 
hole mass 

As it is evident the GUP assumes two AE values for a 
given Ax. But the choice of the lower value is well moti- 
vated physically because for relatively small values of AE 
the gravitational uncertainty becomes negligible in com- 
parison with the standard term and therefore in the limit 
Aa; ^ VGq one has to recover the standard uncertainty 
relation. On the other hand such a choice is motivated 
by the correct asymptotic dependance of Hawking tem- 
perature on the black hole mass in the framework of this 
heuristic approach. 

However for the black hole with a radius not too far 
above the Planck length the quantum fluctuations of the 
metric play an important role. The effective Newton con- 
stant obtained by means of the Wilson-type effective ac- 
tion has the form [a 
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where M is the mass of the source. The effective Newton 



2 



constant Eq.lPJ depends on the mass of source and cor- 
respondingly the mass of the test particle is implied to 
be negligibly small in comparison with the source mass. 
Since the gravitational uncertainty becomes appreciable 
when the energy of photon approaches the Planck scale, 
which in turn exceeds very much the mass of the stan- 
dard model particles, one can safely use the Eq.©. An 
interesting observation made in 6] is that for M less than 

— 1/2 

the critical value Mcr — 3.503 Gq the horizon disap- 



pears. So that the black hole evaporation process comes 
to a complete halt when the mass reaches to the criti- 
cal value. By taking the quantum corrected equation for 
gravitational radius as 

Tg = 2G{rg)/^E , 

one finds the following expression for outer horizon 



rg/GoAE = 0.667 + 0.265 [16 - 139.5 1 + 10.392y't{t - 0.204)(176.392 + t) 
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where t = 2.504mp/A£'^ and nip = Gq The critical 
value of mass below which the horizon disappears is given 
by t„ = 0.204, AEcr = 3.503Go Following the 
paper jj] one can combine this gravitational radius and 
standard position uncertainty as 



Aa; > 



1/2AE 



if 
if 



AE < 3.503G( 
AE > 3.503Gn 



-1/2 

) 

-1/2 



(5) 



where rg{AE) is given by Eq.Q. From Eq.jSJ) one gets 



the following minimal length Axmin = 0.143 Gq 
linear combination 
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does not make any sense for AE < AEcr since for these 
values of energy there is no horizon at all. (Let us com- 
ment that the idea of paper '3| to determine the total 
uncertainty for AE > AEcr by Eq.® is not quite clear 
because the collapse of AE puts simply the limitation on 
the measurement). One has to define the gravitational 
disturbance of the electron position directly. Taking the 
quantum corrected potential around the photon to be 
—AEG{r)/r then the acceleration imparted to the elec- 
tron is 

AE2Gor 



r3 + 2.504Go (r - 
AEGor^ (3r2 



A.BGqAE) 
- 2.504Go) 



2.504Go (r + 4.5G0A-B)] 



(7) 



The characteristic time and length scale for the interac- 
tion when one uses the energy AE for the measurement is 
given by AE'^ ^. Thus for the GUP when AE < AE^r 
one gets 

|22.536Gi^AS^ + 2.504GgA£;3 - GoA^;! 
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Assuming a = 1 it is easy to check that the minimal 
distance that comes from Eq.© Axmin = Ax {AEcr) — 
0.147Gy^ < rg (AEcr) = 4.484Go^^ But the object with 
the size Axmin can not be black hole at all for the quan- 
tum corrected Schwarzschild space-time does not admit 
the black hole with the size less than rg (AEcr) 0- In 
general the parameter a is of order unity, but this numer- 
ical factor can not change the result because it should be 
about 1000 the Axmin to be comparable to the rg{AEcr)- 
So, one concludes that black hole evaporation is halt due 
to quantum gravitational effects. To be strict the dis- 
appearance of the horizon beneath the mass scale Mcr 
results in the subtle question what actually is the object 
left behind the evaporation, whether it is unambiguously 
black hole or the classical remnant is also allowed in gen- 
eral. But in the real situation this question does not arise 
because when the mass approaches Mcr the emission tem- 
perature becomes zero 6] and due to absorption of the 
background radiation this limit is simply unattainable. 



Another very interesting issue that comes from effec- 
tive average action and its associated exact renormal- 
ization group equation is the fractal structure of space- 
time on sub-Planckian distances with effective dimen- 
sionality 2 8]. It is of interest to know if presence of 
minimum uncertainty in the position considered above 



{AXr 
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0.147Go' ) allows one to observe the " ripples" 



of spacetime at sub-Planckian distances. 
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